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Introduction

A linear stability study is here presented for two dimensional non-parallel flows in
the intermediate and far wake behind a circular body.

The hydrodynamic stability analysis is developed within the linear theory of
normal modes; through a perturbative approach, it is observed the behavior of
small oscillations applied to the base flow.

An analytic expression of the base flow according to Navier-Stokes model is given
by an asymptotic expansion (Tordella and Belan, 2003; Belan and Tordella, 2002),
which considers non-parallelism effects (such as exchange of transverse
momentum and entrainment).

It is supposed that the system slowly evolves in space (Tordella and Belan, 2005)
and also in time; using multiple spatial and temporal scales, we can verify how this
evolution influences the stability characteristics and discuss about a validity
domain for parallel flow.



Basic equations and physical problem

Steady, incompressible and viscous base flow described by continuity and Navier-
Stokes equations with dimensionless quantities U(x,y), V(x,y), P(x,y) and p ~cost
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To analytically define base flow, its domain is divided into two regions both
described by Navier-Stokes model

Inner region flow ->  f;= fio(n) +a Y2f1(n) +z Lfx(n) +---

Outer region flow -> f,= f,o(s) +r1/2f,1(s) + 7 1fo(s)+---

r=\z®+y? s=yr !

Physical quantities involved in matching criteria are the pressure longitudinal
gradient, the vorticity and transverse velocity. Inner and outer expansions are used
to obtain the composite expansion fen = fin + fon — (for)" which is, by construction,
continuous and differentiable over the whole domain.

Accurate representation of the velocity and pressure distributions (obtained without
restrictive hypothesis) and analytical simplicity of expansions.

Here we take the inner expansion up to third order as base flow solution for the
wake.
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Stability theory
Base flow is excited with small oscillations. w*Cey,t) = UGy) + u(x,y,t)

Perturbed system is described by Navier-Stokes model { v*(x,y,t) = V(x,y) + v(x,y,t)
p*(ey,t) = P, + p(xy,t)

Subtracting base flow equations from those concerning perturbed flow and

neglecting non linear oscillating terms, the linearized perturbative equation in term
of stream function ¥ (2, ¥, 1) is

8, V2Y + (82 V2W)hy + W8, V24h — (8y VAW )hy — W18, V2eh = %V"wp

||m|y|—>oo ?,D(:E, Y, t) =0

A

I|m|y|_>oo 8y¢($,y,t) =0

Normal modes theory ———— ¥(z,y,t) = Re(p(z,y,1) e (@:t)y

Perturbation is considered as sum of normal modes, which can be treated separately
since the system is linear.

w(x, y, t)complex eigenfunction, ¥(z,t) = hgr — ogt, (929 = hg, 4 = —0y)



k,: wave number
complex wave number s,: spatial growth rate
complex frequency o,: frequency

r,: temporal growth rate

v

h, =k, +1s,
G, =0, +1T,

v

Perturbation amplitude is proportional to e ~S0Z+70?

- r,~> O for at least one mode > unstable flow

- 1,< 0 for all modes ) stable flow

* s,< O for at least one mode —> convectively unstable flow
* 5,> 0 for all modes —) convectively stable flow

Convective instability: r,< o for all modes, s, < 0 for at least one mode.
Perturbation spatially amplified in a system moving with phase velocity of the wave
but exponentially damped in time at fixed point.

Absolute instability: r, >0 (v,=0n,/0k,=0 local energy increase) for at least one
mode. Temporal amplification of the oscillation at fixed point.



Stability analysis through multiscale approach
Slow spatial and temporal evolution of the system —— slow variables x, = €x, t, = &x.
g= 1/R is a dimensionless parameter that characterizes non-parallelism of base flow.

Hypothesis: ¥ (z,y,t) and W(x,vy,t) are expansions in term of ¢:
¥ = [po(z1,y,t1) Fepr(z1, y, t1)+- -] e¥@1t1ie)

oy = Ug(z1,y) + eU1(z1,9) + - -- OV = —eVy(zq,y) + -+

By substituting in the linearized perturbative equation, one has
(ODE dependent on ¥0 ) + ¢(ODE dependent on ¥0,%1 ) + O (g2)

Order zero theory. Homogeneous Orr-Sommerfeld equation (parametric in x, ).

[ Ao = a0B(g A= (82 — h2)2 — ihgR[U(82 — h2) — 92Uq]
Co =0, [y[ = o0

A

B = —iR(02 — h3)

kayCO_>O: ’y’ — OO

where ¥o(z1,t1,y) = A(21,t1)¢0(Z1,¥), and A(x,t,) is the slow spatio-temporal
modulation, determined at next order.

By numerical solution — eigenfunctions {, and a discrete set of eigenvalues 6,



First order theory. Non homogeneous Orr-Sommerfeld equation (x, parameter).

[ Ap1 = aoByp1 + Mg

< 91 —0, |yl = o0

L ayﬁpl — 0, ’y‘ — X

M is related to base flow and consider non-parallel effects through transverse
velocity presence

M = { {R(Qhoao — 3h%u0 — 85’1%)) + 4Zh8] 3331
+(Rug — 4ih0)8£’1yy — va(c’?g’ — h3dy) + R3y2’018y
+ihoR [u1(92 — h3) — 82u1] + R(82 — h3)dy, }



To obtain first order solution, the non homogeneous term is requested to be
orthogonal to every solution of the homogeneous adjoint problem, so that

ora(z,t) + Ko(z)0za(z,t) +eK1(x) =0, A(z,t) = ea(a:,t)

dza(x — 0o,t) = 0
Keeping in mind that ¢1(z1,t1,y) = A(z1,t1)(1(71,9) , the complete problem gives

Y = (Co+ €¢q)e? T

First order corrections h, e , are obtained by resolving numerically the evolution
equation for modulation and differentiating numerically a(x,t) with respect to
slow variables.



Perturbative hypothesis — Saddle points sequence

From order zero theory it’s possible having a first approximation of the dispersion
relation 6,=0,(h,, x, R); for fixed values of x and R we individuate the saddle point
(h,,, 0,4, that satisfies condition dc,/ 0 h, = 0, by selecting the eigenvalue with the
largest imaginary part, using multidimensional maps
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Saddle points determination is very sensitive to Orr-Sommerfeld boundary
conditions and to number and choice of collocation points for order zero

numerical resolution.

R = 50, x/D = T.
Frequency and temporal
growth rate — Level

curves. m,=cost (dashed
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curves).

This aspect becomes
more relevant when y-
domain is getting larger,
that is, for smaller R and
larger x values.

For this reason, we use
truncated Laurent series
to extrapolate saddle
points behavior in x from
data at lower x values,
that are more accurate.
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Once known h_,(x) in this way, the relative c,(x) are given by dispersion relation.

The system is now perturbed, at every longitudinal station, with those
characteristics that at order zero turn out to be locally the most unstable (in
absolute sense) for base flow.
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J Y haoo — 3h2ug — 2 4ih3)9
1(z1) = OOCO [(R(2hgog — 3hgug — 9 ug) + 4ihy) 0z, +

+(Rug — 4iho)dy, ,, — (ihoR(8; + hg)u1) +
—(R(92 + h3)v1)dy + (ihgRu1)d2 + (Rv1)83]¢ody

B@) = [ Jl(R(@hooo - 3h3uo — uc) + 4ihd) +
+(Rug — 4iho) 93] Cody

@) = [ ¢ [~Rn3+ RoZ] Cody

where CS_ is the adjoint eigenfunction
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Validity limits for the near-parallel flow

First order corrections are acceptable when they are much lower than the
corresponding order zero values; where they are not so, parallel flow theory is no
longer valid.

A possible criterion to establish this, is the following

1 9f(x) 1
F@) 00 S A

where f is one of the stability characteristics and A is the wave length in x*.

For fixed R values, these conditions are more restrictive for temporal
characteristics than for the spatial ones. Spatial growth rate s seems to be already
well described at order zero, while frequency o is the characteristic which is more
influenced by first order corrections.

Increasing R, the region in which the flow can no more be considered parallel
becomes larger; this region involves not only the near but also part of the
intermediate wake.



Conclusions

Validity limits for parallel theory: by observing first order corrections, the
flow cannot be supposed parallel in the near wake and also in a relevant portion
of the intermediate wake.

System stability: for what said about acceptable first order corrections, the
intermediate and far wake is convectively unstable. Positive temporal growth rate
values are considered not acceptable, even if they are in a region of the domain
(the beginning of near wake) in which they would be experimentally confirmed.

Second order corrections (&2): seem to be unnecessary, for they would not
affect results so much in the region where parallel flow theory is valid and they
would be completely useless where first order corrections are already too big.



